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ABSTRACT

In the present study, a hydromagnetic Couette flow between two vertical semi-infinite permeable
plates with uniform injection/suction while considering Joule heating has been investigated. The
plate where injection takes place is stationary while the other plate moves with a time dependant
velocity in the x-direction. Also, a constant magnetic field is applied perpendicular to the
stationary plate. The study involves an electrically conducting fluid flow that is incompressibe,
viscous and unsteady. The equations that govern the flow which are continuity equation,
momentum equation and energy equation were formed and then non-dimensionalised. Due to the
non-linear nature of the equations, they cannot be solved analytically and therefore, the method of
solution was the finite difference numerical technique because it is more stable and accurate. The
results were analyzed and presented graphically. It was established that various non-dimensional
parameters such as Joule Heating parameter, Prandtl Number, Eckert Number and other
non-dimensional parameters had effects on temperature and velocity profiles which were
discussed into details. The effects of varying these parameters led to either increase, decrease or
no effect on flow variables. The findings of this study shall be applied in areas such as the design
of cooling systems with liquid metal, electrostatic precipitation, purification of crude oil,
petroleum industry, aerodynamic heating, polymer technology, accelerators and many others.
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CHAPTER ONE

INTRODUCTION

1.1 Background of the study

1.1.1 Background knowledge

MHD Couette flow of an electrically conducting fluid is one of the problems which has received
considerable attention due to its varied and wide applications in areas of Geophysics, Astrophysics
and fluid engineering fields. The word magneto-hydrodynamic (MHD) is derived from; Magneto
which refers to magnetic field while hydro refers liquid and dynamics refers to the motion of a body
under influence of forces. Therefore, hydrodynamics refers to the study of fluid that is in motion
and the forces that affects the motion while MHD is the study of the dynamics of an electrically
conducting fluid in the presence of magnetic field.

Some application areas of interest for this study are in designing of cooling systems with liquid
metals, electrostatic precipitation, purification of crude oil, polymer technology among others. The

key terms used in the study are defined and discussed into details in the subsection that follows.

1.1.2 Definition of key terms

1.1.2.1 Fluid

A fluid refers to any substance that undergoes continuous deformation when acted upon by an
external force. Fluids are classified as liquids or gases. Anderson (2007) from his definition of
fluid explained that molecules in a fluid are held together by intermolecular forces such that the

fluid tends to possess a volume but no definite shape.



1.1.2.2 Couette flow

Couette flow is a laminar flow of a viscous fluid in the space between two plates which are parallel
to each other. One of the plate moves tangetially and the flow is driven by virtue of the viscous drag
force which acts on the fluid but may be additionally be motivated by an applied pressure gradient
in the flow direction. This type of flow is named in honor of Maurice Marie Alfred Couette, a

Professor of Physics in French university of Angers in the late 19" century.

1.1.2.3 Steady and Unsteady flow

Fluid flow can be classified as either steady or unsteady. Steady flow is a flow in which at a
particular fixed point, the fluid flow variables such as pressure and temperature do not change with
respect to time while unsteady flow is one in which the flow variables at a particular fixed point
change with respect to time.

In this study we shall consider unsteady flow scenario.

1.1.2.4 Laminar flow

Laminar flow refers to a flow where there is steady motion of particles of fluid. The fluid flows in
parallel layers with no disruption between them. Velocity and viscosity affects the flow in such a
way that laminar flow occurs at lower velocities, below the threshold at which the flow becomes
turbulent. Turbulent flow is a less orderly flow which results in lateral mixing of fluid layers. The

flow of study is laminar flow

1.1.2.5 Lorentz force

The transverse application of a magnetic field to a flow field induces a current and the interaction
of this current with the magnetic field generates Lorentz force and according to De Andrade and

Pereira (2015), this force opposes the flow and reduces the fluids velocity.



1.1.2.6 Viscosity

According to Ahmed (2015), viscosity of a fluid refers to the measure of its resistance to gradual
deformation by shear stress or tensile stress. When the fluid flows through a tube, the particles
which compose the fluid generally move more quickly near the tube’s axis and more slowly near
its walls. Therefore, some stress such as pressure difference between the two ends of the tube is
needed to overcome the friction between particle layers to keep the fluid moving. Ideal fluid or

inviscid fluid is a fluid that has no resistance to shear stress.

1.1.2.7 Porous medium

Porous medium refers to any material with voids or pores. As defined by Steenbrink and Van der
Giessen (2016), porosity or void fraction is the measure of voids in a material. A non-porous
material is one that is not permeable to fluids. Permeability is the measure of the ability of a

porous material to allow fluids to pass through.

1.1.2.8 Natural convection

Free (or natural) convection is the mode of heat transfer in which the flow is as a result of density
gradient created by temperature variation. On the other hand, forced convection occurs when the

flow is caused by some external means.

1.1.2.9 Buoyancy

This is the upward force that is exerted by a fluid and it opposes the weight of a partially or
fully immersed body. It occurs when there is a changes in density of the fluid. A change in
temperature results into a change in density that causes free convection in the fluid. An increase
in fluid temperature causes thermal expansion hence a decrease in fluid density. From Archimedes

principle where upthrust = pvg, v represents the volume of the fluid displaced, p is the fluid density



and g is the acceleration due to gravity.

1.1.3 Non-Dimensionalization

This is the partial or full removal of units from an equation involving physical quantities using
substitution of suitable variables.

Under some similar set of conditions, this process aims at ensuring that the results obtained from
a study are applicable to other geometrically similar configurations. This method starts with
selecting a suitable scale against which all dimensions in a given physical model are scaled with
great generality and mathematical simplicity.

The non-dimensional parameters are discussed as follows;

1.1.3.1 Reynolds number (Re)

Reynold’s number is the ratio of inertial forces to viscous forces. It shows the effect on the
flowing fluid when the forces changes. At small Reynolds number, there is large viscous forces
hence a low velocity flowing fluid. When viscous forces are more dorminant than inertial forces
reduces. An increase in Reynold’s number shows an increases in the flowing fluid velocity due to
a reduction of viscous force of the fluid and this may cause the flow to be turbulent.

Reynolds number is given by:

pUH

= Re (1.1.1)

1.1.3.2 Prandtl Number (Pr)

This is the ratio of the viscous diffusion rate to thermal diffusion.As the Prandtl number tends to
one, the velocity boundary layer thickness and the thermal boundary layers are almost of the same

thickness. When the Prandtl number is less than 1, the thermal boundary layer is larger than the



velocity boundary layer. For most gaseous substances, the Prandtl number is less than one at
standard temperature and pressure. When the Prandtl number of a fluid is more than one, then the
velocity boundary layer becomes larger than the thermal boundary layer. Prandtl number is

expressed as;

pr="202 (1.1.2)

1.1.3.3 The Eckert number (EC)

This is the ratio of the fluid’s kinetic energy to thermal internal energy. It shows the rate at which
the kinetic energy is converted to internal heat energy due to the resistance of the flowing particles
by the viscous forces of the fluid . It is conventionally agreed that when Eckert number is positive,
the fluid have gained heat from the surrounding plate hence a rise in temperature of the fluid and
vice versa implies a loss of heat from the fluid.

Eckert number is expressed as;

Ec=—F">— (1.1.3)

1.1.3.4 Joules heating parameter (R)

This is the heating that occurs when an electric current flows in a conductor which has high
resistance. The flow of electric current in an electrically resistive conductor causes an increase in
temperature in the conductor due to the opposition to the flow of current resulting to more work
done to overcome this forces.

This phenomenon is called joule heating which was named after the scientist Prescott Joule, the

first scientist to establish Joule law which is expressed as;



Blou
R=
pupcy(Ty —Tw)

(1.1.4)

1.1.3.5 Magnetic parameter (M)

This is the ratio of magnetic forces acting on a fluid to the viscous forces experienced by the same
fluid. The ratio gives the relative significance of resisting forces caused by the magnetic induction
and how they affect temperature or velocity profiles of a fluid flow. Magnetic parameter is given

as shown below;

HOoB,?
M =

1.1.5
P (1.1.5)

1.2 Statement of the Problem

Fluid flows are usually unsteady and take place in presence of both surface forces and body
forces. A surface force is a force that acts only on the part of the body which are in contact e.g.,
pressure gradient, viscous force while a body force is a force which acts on the fluid particles
from a distance without physical contact e.g., gravity, electromagnetic force. These forces may

either enhance or suppress the fluid motion.

The reality is that the previous research done in this field have a steady/unsteady flow scenario
with (or without) the body forces acting on the flow field and have neglected the inclusion of a
constant magnetic field applied normal to a stationary plate where injection takes place while
considering Joule heating. The analysis of unsteady flows and/or neglecting the body force(s), a
constant magnetic field and joule heating in any flow scenario means that some vital pieces of

information of engineering interest are neglected.

Therefore this study intends to bridge the gap between the reality and the ideal by addressing the



unsteady hydromagnetic Couette flow between two vertical semi-infinite permeable plates at a
constant magnetic field while considering Joule heating.

Thus the present work is an extension of the work of Job and Gunakala (2016).

1.3 Justification of the study

The research on MHD flows is important to science and engineering fields particularly, the
influence of a magnetic field on an electrically conducting fluid flow that is incompressible,
unsteady and viscous because they are useful in MHD generators, MHD flow meters, heat
exchanger, cooling of nuclear reactors, extraction of iron metal from the ores, extrusion plastics in
the manufacture of rayon and nylon, etc.

There is need to carry out an analysis on hydromagnetic Couette flow between two vertical
semi-infinite plates where a constant magnetic field is applied normally to the main flow while
considering Joule heating since the findings shall be beneficial to engineeers in areas such as
cooling systems where the walls of a channel containing heated fluid are protected from
overheating by passing a cooler fluid through the surface of the channel, in removal of pollutants
from plant discharge streams by absorption, electrostatic precipitation and many other useful

scientific fields.

1.4 Objective of the study

1.4.1 General objective

To study hydromagnetic Couette flow between two vertical semi-infinite permeable plates.



1.4.2 Specific objectives

1. To model a hydromagnetic Couette flow between two vertical semi-infinite permeable plates
with uniform injection and suction where a constant magnetic field is applied perpendicuar

to the main flow.
2. To determine the flow variables such as velocity and temperature in profile form.

3. To find the effects of varying the flow parameters such as Joule heating parameter, Prandtl

number, Eckert number on the flow variables such as temperature and velocity.



CHAPTER TWO

LITERATURE REVIEW

MHD Couette flow is studied by a number of researchers due to its varied and wide applications in
the areas of fluid engineering and astrophysics. The hydromagnetic flow between porous plates has
many application areas such as flow meters, in underground energy transport among other areas.
Reseachers have studied steady or unsteady flow of an incompressible fluid flow with or without
magnetic field and analyzing different aspects of the problem.

Onyango et al. (2017) analyzed unsteady hydromagnetic Couette flow with magnetic field lines
fixed relative to the moving upper plate and they concluded that magnetic field accelerated the fluid
flow when the pressure gradient is constant. It was also found that viscosity exerted a retarding
influence on the fluid velocity.

Boniface er al. (2014) investigated hydomagnetic steady flow between two infinite parallel
vertical porous plates in the presence of a strong magnetic field applied transverse to the direction
of the flow. It was concluded that that increase in Prandtl number and the suction parameter led to
decrease in fluid temperature. For Grashoff number and magnetic field parameter, their increase
caused an increase in velocity while an increase in the suction velocity led to decreased in the
velocity of the flow. For the magnetic field parameter, its increase led to the increase in the
amplitude of the magnetic field lines.

Seth et al. (2017) discussed effect of induced magnetic field on a flow within a porous channel
when the fluid flow within the channel is induced due to uniformly accelerated motion when one
of the plates starts moving with a time dependent velocity. It was found that magnetic field tends
to decrease the velocitty of the fluid in the plate region whereas it reverses the effect on the
velocity of the fluid in the region away from the plate. Induced magnetic field tends to be
enhanced by chemical reaction in the plate region.

Bodosa and Borkakati (2017) investigated magneto-hydrodynamic Couette flow of an

incompressible, viscous and electrically conducting fluid with a uniform transverse magnetic field

9



acting on the flowing fluid where the fluid flow within the channel is induced due to time
dependent movement of one of the plate. They concluded that velocity distribution increases near
the plates and then decreases very slowly at the central portion between the plates. They also
found out that increase in Prandtl number and Reynolds number led to increase in temperature
distributions.

Onyango et al. (2015) studied the effects of direction of a transverse magnetic field on unsteady
MHD Couette flow with suction and injection. It was concluded that that the direction of the
transverse maagnetic field is important as it leads to increased or decreased velocity of the fluid.
The injection of the fluid led to increased velocity profile while suction led to decreased velocity
of the fluid.

Kinyanjui et al. (2013) analyzed MHD Stokes problem for a vertical infinite plate in dissipative
rotating fluid with Hall current. The results were that increase in Eckert number, magnetic
parameter, rotational parameter led to increase in temperature profile for both free convection
cooling of the plate and free convection heating of the plate. Rajput and Sahu (2016) investigated
unsteady hydromagnetic Couette flow through a vertical channel in the presence of thermal
radiation. They concluded the decrease in velocity profie was brought by an increase in Prandtl
number or magnetic number.

Johana et al. (2018) investigated unsteady free convection incompressible fluid past a
semi-infinite vertical porous plate in the presence of a strong magnetic inclined at an angle o to
the plate with Hall and ion-slip current effects. They concluded that increase in Prandtl number
led to decrease in both primary and secondary velocities of the flow and temperature profiles.
Attia and Ewis (2010) investigated unsteady MHD Couette flow with heat transfer of a
viscoelastic fluid exponential decaying pressure gradient. It was found that the viscoelastic
parameter had a marked effect on the temperature and velocity distributions . Also Attia (2018)
studied unsteady MHD Couette flow of a viscoelastic fluid with heat transfer and found that the

dependence of the temperature on the magnetic field vary with time for all values of the

10



viscoelastic parameter and higher values of the magnetic field.

Muhuri (2018) investigated Couette magneto-hydrodynamics flow with time varying suction and
taking into account the effects of heat and mass transfer.They found that increase in Prandtl
number caused a reduction in fluid temperature which resulted into decrease in fluids velocity.
Mukhopadhyay (2016) investigated the problem where the fluid flow is confined to porous
boundaries with injection and suction. He found that the fluid flow velocity was reduced by
suction and on the other hand it was increased by injection. Injection and magnetic field led to
reduction of the shear stress at the lower plate.

Chauhan and Agrawal (2015) studied the problem of steady hydromagnetic Couette flow of a
highly viscous fluid through a porous channel in the presence of an applied uniform transverse
magnetic field and thermal radiation. It was concluded that decrease in temperatue profile was
due to increased thermal radiation while increase in velocity profiles was due to increase in
magnetic field.

Kim (2018) investigated unsteady MHD convective flow of an incompressible electrially
conducting fluid past an infinite vertical porous plate. The numerical results of the study led to
conclusion that increase in velocity profiles was due to increased Grashoff number while decrease
in velocity profiles was due to increase in Hartman number.

Makinde and Mhone (2019) studied the heat transfer in porous medium in the presence of
transverse magnetic field. They analyzed the effects of the heat source parameter and Nusselt
number and discovered that the effect of increasing porous parameter leads to increase in Nusselt
number.

Jha et al. (2015) investigated unsteady natural convective Couette flow of a viscous fluid through
a vertical channel. It was that increase in time led to decrease in Nusselt number while on the
other had it led to increase in skin friction, temperature and velocity profies. Joseph et al. (2015)
studied unsteady MHD Couette flow between two infinite parallel plates of an inclined magnetic

field with heat transfer. It was found that velocity of the fluid increased due to increased magnetic

11



number. They also concluded that varying Reynolds number affected the temperature of the fluid
flow in that its increase led to increase in the temperature profiles.

Chandran et al (2017) did ananysis of unsteady hydromagnetic Couette flow where magnetic field
lines were fixed relative to the moving upper plate with suction and injection. It was concluded
that the magnetic field, pressure gradient, time and injection have an accelerating influence
whereas suction and viscosity exerts a retarding influence on the fluid flow.

Freidoonimehr et al. (2015) investigated a turbulent incompressible fluid flow past a semi-infinite
vertical plate thati si rotating and an inclined strong magnetic field applied to it. It was concluded
that an increase in primary velocity profile was due to increase in the angle of inclination while a
decrease in the primary velocity profile was due to increase in the Eckert number.

Raptis and Kafousias (2015) analyzed steady convective MHD fluid flow through parallel
semi-infinite plates with constant magnetic field. Hartmann and Prandtl numbers were found to
have a great effect in that a decrease in velocity profiles was as a result of increase in Hartman
number while the decrease in temperature profiles was due to increase in Prandtl number. Job and
Gunakala (2016) studied unsteady magneto-hydrodynamic free convective Couette flow between
two vertical permeable plates in the presence of thermal radiation using Galerkin’s finite method.
They concluded that increase in radiation parameter led to decrease in velocity profiles at small
time but increases them at large time. Both the temperature and velocity profiles increased due to
increase in Prandtl number, Eckert number and Reynolds number.

This study therefore tends to extend the work of Job and Gunakala (2016) with consideration of a
constant magnetic field applied relative to the stationary plate and the other plate where the

suction takes place is on motion and incorporating joule heating.
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CHAPTER THREE

METHODOLOGY

3.1 Model Formulstion

This study considers an incompressible, electrically conducting, viscous and unsteady fluid flow
between two parallel vertical plates along z = 0 and z = h. The plates are of semi-infinite in length

in the x-direction.

X-axX18

Bg

Uniform injection Uniform suction

Main flow

P» z-axis

y-axis

Figure 3.1: Geometry of the flow

Initially, at time ¢t = 0, both the plates and fluid are stationary at temperature 7p. When ¢ > 0 the
plate along z = h starts moving with time-dependent velocity Upz¢ in the direction of the main flow
where Uy is a constant and c is a non-negative integer and its temperature rises to 77 while the
other plate located at z = 0 remains stationary with its temperature maintained at 7p. A constant
magnetic field By is applied normal to the x-axis.

The following assumptions have been used to simplify the problem.

3.2 Assumptions

They are as follows;

13



1. The fluid is incompressible, that is, the density is assumed to be a constant.

2. The fluid flow is two-dimensional.

3. The fluid flow is laminar.

4. There is no chemical reaction.

5. Coefficient of viscosity, electrical conductivity and thermal conductivity are constant.

6. There is negligible force due to electric field since there is no current applied.

3.3 Governing Equations

The fundamentals of fluid dynamics are based on universal laws that govern fluid flows. The
governing equations for this study are continuity equation, momentum equation, equation of energy

and the electromagnetic equations.

3.3.1 Equation of continuity

This equation is derived from the law of conservation of mass. It states that, mass can neither be
created nor destroyed under normal conditions. It is derived by taking a mass balance on the fluid
entering and leaving a volume element in the flow field. The general equation of continuity of a
fluid flow is given :

dp

_t+€_(p7) —0 (3.3.1)

where 7 = ui+vj+wk is the velocity vector in the x,y and z-directions.
In tensor form the equation is:
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Since density is assumed to be constant, then the equation becomes

8u,~
— =0 3.33
I (3.3.3)
which in component form is given by
du Jdv Jdw
R TR ' 334
ox * dy + dz ( )

since the flow is in 2-dimensional in z and x direction, the equation becomes

Ju Jdw

$+8_z =0 (3.3.5)

3.3.2 Electromagnetic equations

These equations give the relationship between the magnetic field intensity ﬁ, the induction
current density vector ?, the electric field intensity ﬁ, the electric displacement B and the
magnetic induction vector ?

The basic electromagnetic equations are as follows:

3.3.2.1 Gauss’ Law for Magnetism

Gauss’ law basically states that all magnetic fields, ? have field lines that are continuous.

V.B =0 (3.3.6)
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3.3.2.2 Faraday’s law of induction

This law states that changes in magnetic fields induces an electric field. It is basically used to

predict how magnetic field interact with electric current to produce electromotive force.
OB
VxE = =5 (3.3.7)

where

B-uwH (3.3.8)

3.3.2.3 Ampere’s Law

This Law states that, for any closed loop path, then the product of thr sum of the length elements
and the magnetic field in the direction of the length element is equal to the product of permeability

and the electric current within an enclosed loop.

VxH=7 (3.3.9)

v.D =p, (3.3.10)

3.3.3 Equation of Momentum

The equation is derived from the Newton’s second law of motion which requires that the sum of all
the force acting on a control volume must be equal to the rate of change time of fluid momentum

within that control volume.

‘98_?+7 (V7)= _%?ﬁ %vﬁﬁ% (33.11)
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where V p represents the pressure gradient of the flow, uV27 is the viscous force term, ?,- is the

_>
body forces acting on the flow, 7 (V 7) is the convective acceleration that is due to change in

Iq

space co-ordinates, - is the temporal acceleration due to change in time.

The body forces includes magnetic and gravitational forces will be included as follows:

- -

q 25\ 1o uo, JxB
7+7<V.7>_—EVP+EV 7 +pg+ 5 (3.3.12)

Lorentz force is given by:

F=JxB (3.3.13)
where
J=0(E+qxB) (3.3.14)
But E = 0 because there is no externally applied electric field, thus
J=0(§xB) (3.3.15)
now
i j k
T=clu v w (3.3.16)

B, B, B,

the flow is two dimensional and the magnetic fields have been applied perpendicularly to the main

flow.
i j ok
J=0lu 0 w|=—0ouB,j (3.3.17)
00 B,
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i k

i
I
~
X
oL
Il

0 —ouB, 0|=—ouB2i (3.3.18)

0 0 B,

replacing (3.3.18) in the equation(3.3.12) , it becomes

oq S5\ 1o o, ouB?
7+7(v.7)__5vp+5v 7 +pg— , (33.19)

When the fluid is heated, the volume of the fluid that is displaced equals to the expanded fluid due

to the thermal expansion. This is given by:
v=PB(T - T.) (3.3.20)

where 3 is the coefficient of thermal expansion.

where upthrust=Buoyancy:

p(B(T —T))g =Pps(T —T.) (3.3.21)

incorporating buoyancy effects in the equation motion given by (3.3.19) becomes

Iq
ot

1 B2
7 (?.7) - —E?p+ %V27 +pg— GL;) ° 4 Bg(T —T.) (33.22)

The sum of the pressure term in the momentum equation and the gravitational force gives the

porosity term as given in darcy equation:

_Vp+pg— kﬂq (3.3.23)
14
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putting equation (3.3.23) on (3.3.22) it becomes

Iq v _H  Ho ouB;
SE+7(V.7) = VT =T Be(T - T (3324)

since velocity is given in u and w, rewriting (3.3.24) into x and z components the following are
obtained

The momentum equation along the x-axis is given by

du (—> 4) u u

ouB?
Z4d(Vi)=Sur By - e T—T. 3.3.25
or TA\Vo) = put Vi = Be(T ) (3.3.25)

The momentum equation along the z-axis and using the fact that the magnetic field is parallel to

z-axis, then
ow 9.\ M 2
F+q(ve) = LY (3.3.26)
but
d 0
V=i—dk— 3.3.27
l8x+ 0z ( )
and
2?2  9?
V2 T 3.3.28
o 07> ( )
Using equations (3.3.27) and (3.3.28) on equation (3.3.25) it becomes
duyOu, ou W (0% 0PN ouBy g g (3.3.29)
dt  dx dz k, p\Jx* 0z p ¢ B o

Using equations (3.3.27) and (3.3.28) on equation (3.3.26) it becomes
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ow  dw ow U u(d*w J%w
Eﬂgwa—z_ng(ﬁw—zz (3.330)
Incorporating constant suction and injection in equations (3.3.29) and (3.3.30) becomes
du  du du u  u(d*u d%u ouB?
E‘Fua—x‘FWOa_Z—EM‘FE(axz‘f’azz - D +ﬁg<T_T°°) (3.3.31)
dw  dw dw U u(d*w J*w
AT i = L R 3.32
ot +uax %92 kpw (8x2 * 072 (5:3.32)

3.3.4 Energy Equation

This equation is drawn from the principle of conservation of energy which states that energy
neither be created nor destroyed but can only be transformed from one form to the other. The first
law of Thermodynamic states that the amount of heat added to a system equals the change in
internal energy plus work done, that is dE = dQ —dW.

Since the fluid is incompressible, the energy equation is expressed as;

2

DT J
cp—— =KV?T +ud+— 3.3.33
pcp Di TUP+ p ( )
Where K is a constant fluid conductivitty, ¢, is specific heat capacity at constant pressure, % is

the material derivative, @ is the internal heating due to viscous dissipation and (%) is the ohmic

heating due to resistance of the electrolyte. @ is the viscous dissipation term which is given by:

(P P P (P P P D0
po =205 + (G (G0N + (G4 S (5 50

ow Jdu du dv Jdw

—_— —_— 2 _— —_— —_— —_—
u(ax + aZ) ) 3,Ll(ax+ay+ az) (3.3.34)
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The term above reduces to equation (3.3.35) since from the equation of continuity % + %—VZV =0

and the flow is two dimensional along x and w only.

o = |G+ (507

substituting (3.3.35) on (3.3.36)

DT du ow J?
2L kveT vy (OW| I
pe, ! GRG0 +
Computing Joule heating
J = —ouByi
2 o2ulB?
LB _ g
c o
20> 9?
Vie 4+
o2 oz

(3.3.35)

(3.3.36)

(3.3.37)

(3.3.38)

(3.3.39)

substituting equation (3.3.38) and equation (3.3.39) on equation of energy (3.3.36) becomes

oT 9T  OT 9°T 9°T du., ,dw,, 202
pcp {E-i—ug—l—w&—z} —K{W-i-a—zz] +H [(a) +(3_z) ]"‘G“ By

dividing all through by pc,

[8T oT 8T] K {82T 82T}+ u {&t ow 2]+Gu23%

- - — | = - 2 -
ot u dx v dz pcp | 9x> 92| pey 8x) +( 8z) pcp
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3.4 Non-Dimensionalization

This is done by first selecting characteristic dimensionless quantities which are the substituted
into the governing equations. The following non-dimensional quantities were used to

non-dimensionalize the governing equations;

WS:— = , X =

W — : * Yool *
oo h

w

U’
h

u=Usu",w=Uw",wy = Uswp,t = U—t*,x: hx*,z=hz",T = (T, — Tu)T" + Tws

The following partial derivatives in non-dimensional form will be substituted into equations

(3.3.31), (3.3.32) and (3.3.41):

3.4.1 Initial and boundary conditions

Attheentrance at 0 <z < H

P <0 =0, v =0, w=0,T*=0 (3.4.1)
>0, u"=1v"=0T"=1 (3.4.2)
At the exit:
>0, u" = Uiand u=cx’ and x = Hx* (3.4.3)
2 *\2
H
W = thus ut = e ) WV =0and w* = w; (3.4.4)
UDO Uoo
T=T,and T* = =Y =1 (3.4.5)
T,—T. T,—T.
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At the other surface:

t>0,u"=0,v"=0,T =Twand T* = =0 (3.4.6)

3.4.2 Governing equations

Ju  Jdu du* It* U2 du*

o owar o hoor (34.7)
Ju  Ju Jdu* dx* ou*1l U, du*
ox dwox ox o h h ox (545)
Ju Jdu Ju* d* ou*1 U, du*
0: owadr 9 oz h h ooz 649
8_%_1(@)_1(%&1*)_ 0 (%&t*)_ 0 (%8u*8x*)_
dx2  dx'dx’ dx h Ix*’ Ix*  h dx’ Ox*  h Ix* Ix’
Us 0u*
Sz (3.4.10)
2u 9 du 0 U, du* U.. 0%u*
92 =390 =3 h o) T az2 oAt
dw U2z ow*
== (34.12)
0w U dwx
% h o (3.4.13)
ow U, dw*
a_z = TQ_Z* (3.4.14)
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2w _Us d2w*

= (3.4.15)
2w U, 0*w*
s (3.4.16)
oT dT JT* ot* oT* U, U oT*
o "o ar ar - g = (e Te) 5 (3:4.17)
IT 9T oT* dx* (T, —T.) IT*
ox 9T or ox  h or (3.4.18)
OT T aT* 3z (T, —T.) oT*
% T o 9z h a7 (34.19)
’T (T, —T.) 9*T*
E = g (3.4.20)
’T (T, —T.) 9*T*
E 2 ) (3.4.21)

Substituting the partial derivatives (3.4.7),(3.4.8),(3.4.9),(3.4.10) and (3.4.11) to the momentum

equations (3.3.31) becomes:

%+ Lou* *%_i(azu*_}_&zu*)
ot* " ox* W"az* ~ Re dx*2  0z7+2

—Mu* —Xu*+GrT* (3.4.22)

The equation (3.4.22) represent momentum equation in x-direction.
Substituting the partial derivatives (3.4.12),(3.4.13),(3.4.14),(3.4.15) and (3.4.16) to the
momentum equations (3.3.32) becomes:

aw* ow* ow* 1 %°w*  J%wx

* Ay L L SO 3.4.23
ot* tu dx* W dz* Re< dx*2 + dz*2 ) v ( )

The equation (3.4.23) represent momentum equation in z-direction.

Substituting the partial derivatives (3.4.17),(3.4.18),(3.4.19),(3.4.20) and (3.4.21) to the energy
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equations (3.3.41) becomes:

oT*  ,oT* . dT* 1 1 9°T* 9?T* Ec ou* aw*

_ b dtr Ec 2 2
ot* tu ox o dz* _RePr(Qx*2 + 8z*2>+Re((8x*> +(8x*) )

+Re.R(u*)? (3.4.24)

The equation (3.4.24) represent the energy equation .

3.5 Method of Solution

3.5.1 Outline of method of solution

The numerical approximation method of finite differences is the proposed method of solving the
system of the non-linear equations that are obtained from thuis particular flow problem. A finite
difference grid is developed where each modal point identified by a double index (i, j) that define
its location with respect to t and x as shown in the figure 3.2.

The grid is to calculate the values at the mesh points.

. . . . 2 2 .
The finite difference approximations of %—(t/ %—g %—g, %TL{, and %le] at k and k+1 are given by:

ou UK -U

U _ U - 3.5.1)
k41 k+1 k
dx 4(Ax) B
ket 1 k+1
U Ui —U + Ui — Uy (3.5.3)
oz 4(Az) B
k41 k+1 k+1 k k k
% _ Ui, —2Uij +US i+ UR, — 205+ Uy (3.5.4)
2 2(Ax)? -
1 k1 prk+1 k k k
PU Uiy —2Ui + U5 U — 205+ U (3.5.5)

072 2(Az)?
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=
I, j+1
Y L ® &
-1, j 1 141, j
Az=k : o : !
Lj1
-+ - X

Ax=h

Figure 3.2: Illustration of the mesh

Substituting these in equation of momentum (3.4.22) yields:

k+1 k k+1 k+1 k k k+1 k+1 k k
Uij —Uij ke (Y — Uit UG — Ui Uijmi = Uit Ui — Ui

At 4(Ax) 4(Az7)
k+1 k+1 k+1 k k k
1 (U 20 U U, 20+ Uy
Re 2(Ax)?
k+1 k+1 k—+1 k k k
U (Ui —2Uij AU 4 Ui =205+ U kpl kp1 Kt
+1€< T ~XUS - MU+ GrT,

(3.5.6)
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Making Uf;rl yields:

k k+1 _ yrk+1 k 77k
it _ (Y (Y 2V P 2
A Y 4(A7) &

k+1 k+1 k k k k+1 k+1 k k k
1 Yier, Uiy U =205 40 I Ui jr1 PV jo HU; i — 204U
Re 2(Ax)? 2(Az)?

. l+17j l_1>j
At 4(Ax)

1
++ S+M+X

[1 Uit~ Ui+ Uk~ UE 1
Re (Ax)? Re (Az)

(3.5.7)

The finite difference approximations of %—VIV, %—‘f, aa_v;/’ ‘?;TVZV, and ‘?T‘f obtained at k and k+1 are
given by:
ow Wi -w
= v (3.5.8)
k+1 k+1 k k
oW Wiy — Wil Wiy, — Wiy (3.5.9)
dx 4(Ax) a
k+1 k+1 k k
oW Wi = Wit A Wi — Wi (3.5.10)
dy 4(Az) B
kil k+1 k+1 k k k
W Wil — W W A W 2 W 3.5.11
Fra 2(Ax)? o
k1 k+1 k+1 k k k
W Wijir — Wi Wity A Wi — 2+ W (35.12)

072 2(Az)?
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Substituting these in equation of momentum (3.4.23) yields

k+1 k
-
At

LJ_FLde

Wk

k
i1, Wit

»J

ket 1 ki1
Wi, — Wi+
4(Ax)

)+

k+1 k+1 k k
y Wi = Wi+ Wi = Wi
! 4(Az)
(3.5.13)
k+1 k+1 k+1 k k k
(W S 2WT AW W 2WE WE
Re 2(Ax)2
k+1 k+1 k+1 k k k
(Wit 22T AW A W — W AW
Re 2(Az)? b
Making Wlk;rl yields:
k k+1 k+1 k k k+1 k+1 k k
W Wi W Wi WioatWia Wi ) [kt Wi, —Wis1 Wi, = Wit
i = | At 0 4(A7) i,j 4(Ax) *

k+1 k+1 k k k k+1 k+1 k k k
(W AW WA W W AW AW WA
Re 2(Ax)? 2(Az)?
[1+ L o1 x
At Re(Ax)*  Re(Az)?
(3.5.14)

The finite difference approximations of

by:

oT JT oT J*T

9°T . -
9 9x> 97> gx2» and 5 obtained at k and k+1 are given

k+1 k
or _ T T (3.5.15)
ot At B
k+1 k+1 k k
oT  Tih;— Ty, +Th ;— Ty 35.16
Fe A& o
k+1 k+1 k k
or TN T T T (3.5.17)
oz 4(Az) B
k+1 k1 ka1 k k k
J°T Ti++1,j B 2Ti,j+ + Tijd’ T = 2 T
i L (3.5.18)
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k+1 k+1 | pk+l k k Tk
T _ Tij =20 + 1o+ T — 215+ T (3.5.19)
072 2(Az)? o
Substituting these in equation of energy (3.4.24) yields
k+1 ok k+1 k+1 k k
At ij 4(Ax)
k+1 k+1 k k
Wkt Ti7j+1 - Ti,j—l + Ti7j+1 B Tiaj—l
b 4(Az)
k+1 k+1 | k1 k k o Tk
~ RePr 2(Ax)?
k+1 k+1 | pk+1 k k o Tk (3.5.20)
L S S RV R S I A Y A T
RePr 2(Az)?
k+1 k+1 k k 2
ReR (U.k.“ >2+IE Uiy —Uisij Ui, — Uiy n
b+l Re 4(Ax)
k+1 k+1 k k 2
Ec W =W AW W
Re 4(Az)
Making Ti{‘;r] yields:
k k+1 _k+1 |k k k1 _pk+1 |k k
B B B o o O B A8 o Wil W i S WA W7 ot I (20 B S B N 1S B
ij At i,] 4(Ax) l,] 4(Az)
k1 k1 | ok k Tk k1 | k1 | ok k Tk
1 Ty H L2 T =210+ T 1 Lot o+ 2T+
RePr 2(Ax)2 RePr 2(Az)?
2 2
ReRr (U< 2 oy Ec Ui~V Uk —UE | Ec Wit W AW W
i,j+1 Re 4(Ax) Re 4(Az)
1 1
7T 2
RePr(Ax)”  RePr(Az)

(3.5.21)
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3.5.2 Advantages of using finite difference method

1. It is stable and of rapid covergence
2. Itis accurate

3. Itis a very versatile modelling technique which is comparatively easy for users to understand

and implement.

Equations (3.6.7), (3.6.14) and (3.6.21) were simulated in MATLAB to obtain the profiles. The

MATLAB code version 7.9.0(R2019b) is at the end of the document.

30



CHAPTER FOUR

RESULTS AND DISCUSSIONS

4.1 Introduction

This chapter presents the results of temperature and velocity profiles for the model while varying
various dimensionless parameters and then discussing them at each step. Momentum equation in
x-direction (3.6.7), z-direction (3.6.14) and energy equation(3.6.21) are solved using the MATLAB
version 7.9.0(R2019b). Varying various non-dimensional parameters produced graphs which were

discussed into details.

4.2 Results and Discussions

4.2.1 A graph showing the effects of varying Reynolds number on primary

velocity

From the Figure 4.1, it is noted that when Reynolds number is raised then the primary velocity
profile rises. Since Reynolds number represents the ratio of inertial forces to viscosity forces, then
an increase in Reynolds number is due to an increase in inertia forces and a decrease in viscous
forces. The force that opposes the motion of the fluid is viscous force, therefore if Reynolds
number(Re) is small, it means that the viscous forces are more dominant than the inertial forces

and thus causes more drag in the fluid thereby a reduction in the flow velocity.

4.2.2 A graph showing the effects of varying Magnetic number on primary

velocity

From Figure 4.2, it is noted that when a magnetic parameter increases, then there is a corresponding

decrease in primary velocity of the flowing fluid. This is due to the presence of Lorentz force that
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Primary velocity profiles vs Distance
T T L T T T T

Velocity u

Distance x

Figure 4.1: Velocity profiles for varied values of the Reynolds number, Re.

is caused by magnetic field acting normally to the fluid. The Lorentz force opposes the motion of

the flow since it acts on opposite direction.

4.2.3 A graph showing the effects of varying permeability parameter on
primary velocity

From Figure 4.3, it is observed that increase in primary velocity profile is due to a decrease in
permeability parameter (X). Increased porosity of the medium increases the permeability
parameter thereby reducing the fluid flow acceleration. Increased permeability reduces the
acceleration of the fluid flowing since the pores that would have allowed the fluid to flow with less

restriction closes and as a result the primary velocity decreases.
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Primary velocity profiles vs Distance
T I I T

— =1 |

e i), 5

Velocity u

Distance x

Figure 4.2: Velocity profiles for varied values of the Magnetic number, M.

4.2.4 A graph showing the effects of varying Reynolds number on secondary
velocity, Re

From the Figure 4.4, it is noted that secondary velocity increases due to increase in Reynolds
number. When the viscous forces reduces then there will be a reduction in the opposition of the
motion of the fluid therefore the fluid velocity increases and when the inertial forces reduces then

Reynolds number will decrease which means that there will be dominant viscous forces.
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Primary velocity profiles vs Distance
T L T

T T T T ]

Velocity u

Distance x

Figure 4.3: Velocity profiles for varied values of the X number.

4.2.5 A graph showing the effects of varying permeability parameter on
secondary velocity

From Figure 4.5, it is noted that decrease in secondary velocity profile is due to increased
permeability parameter (X). Increased porosity of the medium raises the permeability parameter
which causes a reduction in acceleration of the flow. Hence reduction in secondary velocity

profile.
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Secondary velocity profiles vs Distance
T T 5 T T
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Figure 4.4: Velocity profiles for varied values of the Reynolds number, Re.

4.2.6 A graph showing the effects of varying Prandtl number on
Temperature profile

From Figure 4.6, it is noted that a rise in the temperature profiles is due to increase in Prandtl
number. Prandtl number is defined as the ratio of viscous diffusion rate to thermal diffusion.
Increase in Prandtl number means low thermal diffusivity of the fluid which leads to increased

internal temperature of the fluid.
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Secondary velocity profiles vs Distance
T T T T

0.06 |

Velocily w

Distance x

Figure 4.5: Velocity profiles for varied values of the x number.

4.2.7 A graph showing the effects of varying Reynolds number on
Temperature profile

From the graph 4.7, it is noted that temperature profiles increases if there is an increase in Reynolds
number. A decrease in viscous forces means that there is reduced inertial forces thereby leading to
increased motion of particles of the fluid. Heat is generated due to collision of the particles which

are moving at high velocity thereby increasing the fluids temperature.
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Temperature profiles vs Distance
T T 1 T T

Temperature T

Distance x

Figure 4.6: Temperature profiles for varied values of the Pr number.

4.2.8 A graph showing the effects of varying Eckert number on

Temperature profile
From Figure 4.8, it is noted that the temperature profiles increases when the Eckert number (Ec)
is increased. A rise in the Eckert number translates into increased kinetic energy of the fluid. This

increases the motion of the fluids particles which collides and generates energy thereby making the

fluids temperature to rise.
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Temperature profiles vs Distance
T T I T

Temperature T

01 02 03 04 0.5 08 07 08 08 1
Distance x

Figure 4.7: Temperature profiles for varied values of the Re number.

4.2.9 A graph showing the effects of varying Joule heating parameter (R)

Temperature profile

From Figure 4.9, it 1s noted that increase in joule heating parameter (R) leads to an increased in
temperature. As the current is induced and starts flowing in the fluid, heat is generated due to the

electrical resistance to the flow of charges thereby increasing the temperature.
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Temperature profiles vs Distance
T T T l

Temperature T

01 02 03 04 0.5 08 07 08 08 1
Distance x

Figure 4.8: Temperature profiles for varied values of the Ec number.

4.3 Validation of Results

This result agrees with (Job and Gunakala, 2016), when there is absence of thermal radiation.

There findings were;

1. When the Eckert number (Ec) was increased the temperature and velocity profiles also

increased.

2. The temperature and velocity profiles increased when Prandtl number was increased.

3. Arise in magnetic parameter increased the temperature profiles.
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Temperature profiles vs Distance
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Figure 4.9: Temperature profiles for varied values of the R number.
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CHAPTER FIVE

CONCLUSION AND RECOMMENDATIONS

5.1 Introduction

This chapter presents a summary of what has been done to attain the objectives and also

recommendations for future research has been presented.

5.2 Conclusions

The results of this study leads to conclusion that;

1. Increase in Reynolds number has an accelerating influence on the primary and secondary

velocity of the flow.
2. Increase in suction and injection parameters leads to decrease in primary flow.

3. Temperature of the flow was affected by Joule Heating parameter (R), Eckert number (Ec)

and Prandtl number (Pr) where by their increase led to increase in temperature of the fluid.

4. Magnetic number and permeability parameter exerts a retarding influence on the fluid

primary and secondary velocity when they are increased.
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5.3 Recommendations

The study of hydromagnetic Couette flow between two vertical semi-infinite permeable plates with

uniform suction and injection still needs further research. Therefore, my recommendations are;

1. Unsteady hydromagnetic turbulent flow through two vertical infinite plates.

2. Steady hydromagnetic three dimensional Couette flow between vertical finite permiable

plates with variable magnetic field at an angle.

3. Unsteady MHD compressible flow past pearmeable vertical plates with chemical reaction.
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Appendix II: MATLAB Codes

MAIN FUNCTION

function[u,w,T,x]=Adriel(M,X,Ec,Pr,Re,Gr,R,wo) clc

str=1; n=2;

xmax=1;zmax=1;tmax=1;xsteps=32;zsteps=64; tsteps=1000;
x = linspace(0, 1,xsteps-23); y = linspace(0, 1 ,xsteps-22);

p = linspace(0,1,xsteps-1); u= zeros(xsteps,tsteps);

w= zeros(xsteps,tsteps); T= zeros(xsteps,tsteps);

dx=0.005; dz=0.005; dt=0.001; rem boundary conditions

initial

for i=1:xsteps for j=1:zsteps for k=1:tsteps u(i,j,1)=0; w(i,j,1)=0; T(i,j,1)=1; end end end for
i=2:xsteps for j=1:zsteps for k=2:tsteps

u(i,1,k)=1; w(,1,k)=0; T@,1,k)=0; end end end
for i=2:xsteps for j=2:zsteps for k=2:tsteps

u(i,zsteps,k) = i*strx(dx)"; w(i,zsteps,k)=0.0; T(i,zsteps,k)=1;
end end end
for i=1:xsteps for j=2:zsteps for k=2:tsteps

u(l,3,k)=1; w(l,;,k)=0; T(1,},k)=1; end end end
Solving for velocities and temperature
for i=2:xsteps-1 for j=2:zsteps-1 for k=2:tsteps-1  u(i, j,k+1) = (u(i, j,k)/dt — (wo/(4 xdz)) *
(w(i,j+1,k+1)—u(i,j—1,k+1)+u(i,j+ 1,k) —u(i,j— 1,k)) +Gr*T(i, j,k+1)+ (1/(2%Re*
dx))x (u(i+1,j,k4+ 1) +u(i—1,j,k+1) +u(i+1,j,k) +uli—1,j,k) —2xu(i, j,k)+(1/(2*
Rexdz?)) * (u(i, j+1,k+ 1)+
u(i,j—Lk+1)+u(i,j+ 1,k)+u(i,j—1,k)—2xu(i, j,k)))/(1/dt + (1/(4*dx)) « (u(i+ 1, j,k+
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D) —u(i—1,j,k+1)+u(i+1,7,k)—u(i—1,j,k)) +1/(Rexdx*) +1/(Rexdz?) + X + M);
w(iy jok+1) = (u(i, j,k)/dt — (u(i, j,k+1)/(4%dx))* (w(i+1,j,k+1)—w(i—1,j,k+1)+
w(i+1,j,k) —w(i—1,j,k)) —wox (1/(4xdz))* (w(i,j+ 1,k+1) —w(i,j— 1,k+ 1) +w(i, j +
k) —w(i, j—1,k)) + (1/(
w(i—1,7,k) = 2% w(i, k) + (1/(2% Rexdz?)) * (w(i, j+ 1,k + 1) +w(i,j— 1k+1) +w(i, j+
1,k) +w(i,j—1,k) —2%w(i, j,k)))/(1/dt +1/(Rexdx*) + 1/(Rexdz*) +X);  T(i,j,k+1)=
(T (i, j,k)/dt —u(i, j,k+1) % (1/(d*dx))* (T(i+1,j,k+1) =T~ 1,j,k+ 1)+ T(i+1,jk)—
T(i—1,j,k) —w(i,j,k+1)*(1/(4%dz))* (T(i,j+1,k+1)=T(i,j—1,k+1)+T(,j+1,k) —
T(i,j—1,k))+(1/(2%Rex Prdx®))«(T(i+1,j,k+1)+T@i—1,j,k+1)+T(i+1,j,k)+T(i—

) —
25 Rexdx?)) (w(i+ 1, j,k+ 1) +w(i— 1 jk+1)+w(i+1,j,k) +

l,j,k)—2*T(i,j,k))+(1/(2*Re*Pr*dz2))*(T(i,j—i—l,kJr1)+T(i,j—l,k+1)—|—T(i,j+
1L,k)+T(@i,j—1,k) —2%T(i,j, k) +Rex R (u(i, jk+1))2 + ((Ec) /(16 % Re x dz?)) * (w(i, j +
Lk+ 1) +w(i,j+1,k) —w(i,j— Lk+ 1) —w(i,j— 1,k))> + ((Ec)/(Re)) * ((u(i+ 1, j,k+1) +
u(i+1,j,k) —u(i—1,j,k+1)—u(i—1,j,k))/(4%dx))?)/(1/dt +1/(Rex Pr+dx>) 4+ 1/(Re x Prx
dz?));

end end end

PRIMARY PROFILES

figure(1) clc;  clear; [u,w,T,x| = Adriel(M,X,Ec,Pr,Re,Gr,R,wo) Changing Re
[u,w, T, x] = Adriel (10,20,0.5,0.71,70,0.5,0.5,0.05); xl= 0:0.01:1;
yl=spline(x,u(1:9,10,10),x1); plot(x1 ,yl; k> Linewidth’,1.5,LineSmoothing’,’on’);

title(’Primary velocity profiles vs Distance’); xlabel(’Distance x”); ylabel(’ Velocity u’);

SECONDARY PROFILES

figure(2) hold on clc; clear; [u,w,T,x| = Adriel(M,X,Ec,Pr,Re,Gr,R,wo) Changing Re
[u,w, T, x| = Adriel (10,20,0.5,0.71,70,0.5,0.5,0.05); xl= 0:0.01:1;
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yl=spline(x,w(1:9,10,10),x1); plot(x1 ,yl, k’ ,Linewidth’,1.5,’ LineSmoothing’,’on’); hold on
[u,w, T, x] = Adriel(10,20,0.5,0.71,80,0.5,0.5,0.05); X2= 0:0.01:1;
y2=spline(x,w(1:9,10,10),x2); plot(x2 ,y2, g’ ,Linewidth’,1.5, LineSmoothing’,’on’); hold on
[u,w, T, x] = Adriel(10,20,0.5,0.71,90,0.5,0.5,0.05); x3= 0:0.01:1;
y3=spline(x,w(1:9,10,10),x3); plot(x3 ,y3, b’ ,Linewidth’,1.5, LineSmoothing’,’on’); hold on
[u,w, T, x] = Adriel (10,20,0.5,0.71,100,0.5,0.5,0.05); x5= 0:0.01:1;
yS=spline(x,w(1:9,10,10),x5); plot(x5 ,y5° r Linewidth’,1.5,’LineSmoothing’,’on’);
title("Secondary velocity profiles vs Distance’); xlabel(’Distance x’); ylabel(’Velocity w’);

legend(’Re=70",’Re=80","Re=90’,’Re=100") hold off

TEMPERATURE PROFILES

figure(3) [u,w,T,x| = Adriel(10,20,0.5,0.71,60,0.5,0.5,0.05); x1= 0:0.01:1;
yI=spline(x,T(1:9,10,10),x1); plot(x1 ,yl; r’ JLinewidth’,1.5,LineSmoothing’,’on’);

title(" Temperature profiles vs Distance ’); xlabel(’ Distance x’); ylabel(’ Temperature T");
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